We demonstrate that a class of torus-shaped Hopf maps with arbitrary linking number obeys the static complex eikonal equation. Further, we explore the geometric structure behind these solutions, explaining thereby the reason for their existence. As this equation shows up as an integrability condition in certain non-linear field theories, the existence of such solutions is of some interest.
Introduction
In this article we want to report on a class of Hopf maps with arbitrary linking number, which are, at the same time, static solutions to the complex eikonal equation. Further, we want to explore the geometric structure which is behind these solutions and explains, in fact, their existence.
The eikonal equation reads (∂ µ χ)(∂ µ χ) = 0 (1) and describes, for a real scalar function χ, the propagation of wave fronts (field discontinuities) in Minkowski space. Its generalization to complex χ has some applications in optics and quantum mechanics, as well as in general relativity (see [1] and the literature cited there). In [1] an algebraic procedure (based on twistor methods) for the construction of complex solutions to Eq.
(1) was developed, and some examples of singular solutions were provided. The complex eikonal equation admits even static solutions, i.e., solutions to the equation (∇χ) · (∇χ) = 0,
in contrast to the case of real χ. The complex eikonal equation (1) has also appeared, in quite a different context, as an integrability condition in some non-linear field theories. In the last few years there has been rising interest in integrable field theories in higher (i.e., more than two) dimensions, where solitonic solutions are, in many cases, provided by certain Hopf maps, see e.g. [2, 3, 4, 5] . In addition, some non-linear field theories which are, in general, not integrable, contain integrable subsectors where certain integrability conditions are satisfied. Specifically, the complex eikonal equation (1) defines integrable subsectors in the Skyrme and Skyrme-Faddeev models ( [6, 7] ). For static, solitonic solutions, this condition reduces to the static complex eikonal equation (2) . Finite energy solitons in these integrable subsectors correspond to static solutions defined on one-point compactified IR 3 and may, therefore, be identified with functions on S 3 via stereographic projection. Further, the target space C of the solitons χ can be identified with the Riemann sphere S 2 (i.e., χ is a holomorphic variable on C). Therefore, the solitons χ in the integrable subsectors of these models are Hopf maps S 3 → S 2 , and can be classified by the Hopf index (the homotopy group π 3 (S 2 ) = Z Z). Consequently, solutions of the complex, static eikonal equation which are, at the same time, Hopf maps, are of some interest for these non-linear field theories, because they provide finite energy field configurations in their integrable subsectors.
In addition, the static complex eikonal equation (2) has appeared as an integrability condition for the existence of multiple zero modes of the static, Abelian Dirac operator ( [8, 9, 10] ). In this case, solutions χ to Eq. (2) are again required to be Hopf maps. The Hopf maps described below will indeed give rise to the construction of new classes of zero modes with new and interesting properties, but this issue shall be discussed elsewhere.
The solutions
In the sequel, we will express Hopf maps as complex-valued functions which depend on three variables like, e.g., (x, y, z). Here, the space spanned by these variables may be interpreted either as one-point compactified IR 3 or as the three-sphere S 3 , where a stereographic projection has been performed. The solutions to the static eikonal equation described below do not depend on this interpretation, i.e., they may be interpreted as solutions on IR 3 or on S 3 . This result is related to the fact that the metrics on IR 3 and S 3 are conformally equivalent (i.e., equal up to a local, space-dependent scale transformation), as will become clear in the next section.
The simplest Hopf map is
(the meaning of the superscript (1, 1) is explained below in Eq. (6)). Further, r 2 ≡ x 2 + y 2 + z 2 , and the irrelevant pre-factor i has been chosen for later convenience. The simplest Hopf map is well-known to obey the static eikonal equation (2), see e.g. [8] . Rather than just displaying the general class of Hopf maps which obeys Eq. (2) as well, it is more instructive to first introduce toroidal coordinates (η, ξ, ϕ) via
In terms of toroidal coordinates, the simplest Hopf map reads
Here, surfaces of η = const. are tori in IR 3 . These tori are rotation symmetric around the z axis, and all of them enclose the circle C = { x ∈ IR 3 : z = 0 ∧ r 2 = 1}. The coordinates ϕ and ξ are angular coordinates along the two circular directions on each torus. Each level curve of χ (1,1) (i.e., each curve χ (1,1) = const.) is located on one torus. It is, in fact, a circle that winds once around each circular direction of the torus. Further, any two different level curves are linked with linking number one, and this linking number is the geometric definition of the Hopf index (which is equal to one for the simplest Hopf map (3)). A simple generalization to higher Hopf maps is provided by the functions
which are true Hopf maps if the real function f obeys certain regularity conditions like, e.g., f (0) = 0 and f (∞) = ∞ (what we assume in the sequel).
The level curves of these Hopf maps still lie on the same tori as above, but now they wind n times around the ϕ direction and m times around the ξ direction. Further, the Hopf index N H (i.e., the linking number of any two different level curves) is N H = nm.
To find solutions of the static eikonal equation among these Hopf maps, we now express the gradient in terms of the toroidal coordinates,
where (ê η ,ê ξ ,ê ϕ ) form an orthonormal frame in IR 3 . We find for the gradient
where f ′ ≡ ∂ η f , and Eq. (2) leads to the simple differential equation
with the solution
These solutions are genuine Hopf maps for all non-zero, integer m, n, because
Geometric background
Here we want to explain the geometric structure behind these solutions, which will, in fact, allow to understand the reason why they exist. First, let us reexpress a general Hopf map χ in terms of two real functions (modulus S and phase σ) like
In terms of these real functions, the static eikonal equation (2) leads to the conditions (∇S) · (∇σ) = 0 ,
Next, we observe that there exist trivial solutions to the complex eikonal equation in IR 2 or, equivalently, in C. Indeed, for real, cartesian coordinates (u, v) ∈ IR 2 with w = u + iv and gradient
the complex eikonal equation (∇ (2) f (w)) 2 = 0 is equivalent to the Cauchy-Riemann equations, which are obeyed by arbitrary holomorphic functions f (w). So, obviously, the complex coordinate w = u + iv itself obeys the eikonal equation,
By introducing the modulus ρ and phase φ of w,
this equation leads to the conditions
It holds in fact also that
Conditions (16) are completely analogous to the conditions (12) in three dimensions. This leads to the natural assumption that the conditions (12) in three dimensions are just the pullbacks under the Hopf map χ of the twodimensional conditions (16). In the sequel we want to show that this is true in a specific sense. For this purpose, we need some more notation and some geometrical concepts. On a differentiable manifold, once a local coordinate system x µ is chosen, the partial derivatives
along these coordinates are interpreted as vectors in the tangent space T p M at each point p of the manifold M, which form a basis in this space (the coordinate basis). The dual space T * p M is spanned by the differential forms dx µ , and the canonical inner product between vectors in T p M and one-forms
For Riemannian manifolds, in addition a metric is defined, which, at each point p ∈ M, is a symmetric, positive, nondegenerate second rank tensor in T * p M ⊗ T * p M. In coordinates, the metric is expressed like
where g µν ( x) is a symmetric, positive, nondegenerate matrix at each point x.
It may be used to calculate the lenght of vector fields v = v µ ( x)∂ µ at each point x according to
as well as the scalar product between different vector fields. An associated metric in T p M ⊗ T p M can be defined as
and may be used to calculate the lengths of one-forms. Finally, the gradient operator (of the type we used e.g. in (7) or (13)) is replaced by the exterior derivative
Observe that the exterior derivative becomes a one-form when evaluated on a function or coordinate variable. Therefore, conditions on the lenghts of gradients are replaced by conditions on the lenghts of one-forms (not of tangent space vectors!). As a concrete example, let us consider the space IR 2 in terms of the coordinates ρ and φ (see (15)). The metric is
and the dual metric is
The conditions (16) translate into
and are obviously true. The metric in IR 3 is
where (η, ξ, ϕ) are the toroidal coordinates (see (4) ) and the coordinate t = sinh η (28) was introduced for later convenience. The dual metric is
As a next step we need the observation that a Hopf map χ introduces a fiber-bundle structure on one-point compactified IR 3 (or, equivalently, on S 3 ). Here, the fibers are the level curves of the Hopf map. The fiber has the topology of the circle S 1 , and the base space has the topology of the sphere S 2 for all Hopf maps, but the induced metric properties depend on the specific Hopf map.
Further, the Hopf map allows for a decomposition of the tangent bundle T M of the fiber bundle M = IR 3 (or S 3 ) into vertical and horizontal directions at each point of M. Thereby two subbundles of the full tangent bundle T M are induced, which are called the vertical distribution V and the horizontal distribution H. The vertical direction at each point points along the fiber and is spanned (in our case) by one vertor field e 3 which is pushed forward to zero under the Hopf map, χ * e 3 = 0. The horizontal directions are spanned (in our case) by two vector fields e 1 , e 2 , which are perpendicular to the vertical vector e 3 . Obviously, the vertical direction only depends on the Hopf map, whereas the horizontal directions depend on the bundle metric, as well. Further, we will choose all three vectors e i to have unit length (this condition depends, of course, on the metric). This decomposition leads to an analogous decomposition at each point p ∈ M of the cotangent space T * p M into a vertical direction spanned by ω 3 and horizontal directions spanned by ω 1 and ω 2 , where the ω i are defined via
and (·, ·) denotes the canonical inner product. Finally, the decomposition of the tangent space (and the cotangent space) into vertical and horizontal directions allows for a corresponding decomposition of the metric and its dual into a vertical and a horizontal component, g = g v + g h . They may be expressed like
in terms of the above vector fields and one-forms (observe that this notation just expresses the metric in terms of vielbeins in a coordinate-independent way). Now we are in a position, eventually, to formulate sufficient conditions for the existence of solutions to the conditions (12) .
One sufficient condition is like follows: obviously, the push-forward χ * of the Hopf map defines an isomorphism from vectors in the horizontal distribution H of T M at points x to vectors in T N at points χ( x) (here N is the target space manifold, i.e. C or S 2 , and M is the fiber bundle). Now assume that this isomorphism is, at the same time, an isometry, i.e., the lenght |χ * v| of a pushed-forward vector field χ * v in T N w.r.t. the metric g (2) on N at points χ( x) is equal to the lenght |v| of an arbitrary horizontal vector field v in H with respect to the horizontal metric g h at points x. Then, obviously, the lengths of one-forms remain invariant under the pull-back χ * . For a Hopf map w = χ( x), which reads, in terms of real coordinates, like
this means that the lenghts should pull back like |dρ| = |dS| , |dφ| = |dσ| (34) and the target space metric g (2) expressed in coordinates ρ, φ should be identical to the horizontal metric g h expressed in coordinates S, σ. Obviously, length relations are now conserved under the pull-back, as well,
which is precisely what we need in order to have solutions to the conditions (12) .
[Maps χ such that the push-forward χ * : H → T N is an isometry are called Riemannian submersions and are described at length e.g. in [11] .] It turns out that the condition on the Hopf map χ to be a Riemannian submersion is too strong for our purposes. But there is a simple generalization which does just what we want. Suppose that the lengths of horizontal vector fields are multiplied by a common factor at each point under the pushforward, instead of being invariant. Then the lenghts of one-forms will be multiplied by a common factor under the pull-back, and this is sufficient for the conservation of the length relations (35), (36) under the pull-back. For the horizontal metric g h and the target space metric g (2) this implies that they should be conformally equivalent, i.e., equal up to a local scale factor. This is precisely what happens for our solutions, as we want to demonstrate now explicitly.
First, we want to demonstrate it for the simplest Hopf map (5) . We re-display the metric in IR 3 ,
where we already ignored an irrelevant local scale factor, see (27) . For the Hopf map χ = Se iσ with S = t, σ = ξ + ϕ, the vertical unit vector field e 3 is
(remember that e 3 (σ) = e 3 (S) = 0). The horizontal unit vector fields may be chosen as
The corresponding vertical and horizontal one-forms are
and the horizontal metric is
Obviously, this is identical to the target space metric (24) once the identification ρ → t, φ → σ = ξ + ϕ is made. Now we repeat this procedure for the class of Hopf maps S = t, σ = mξ + nϕ which are genuine Hopf maps with toroidal symmetry, but not yet the solutions (10) . We find for the horizontal and vertical unit vector fields
and for the corresponding one-forms
The horizontal metric now is
and is not yet manifestly conformally equivalent to the target space metric. However, the horizontal metric only depends on the "horizontal" coordinates S = t and σ = mξ + nϕ and, therefore, certainly is conformally equivalent to the target space metric, because it is a well-known fact that two different metrics on a two-dimensional surface with a given topology are always conformally equivalent (see, e.g., Theorem 13.1.1 in [12] ). All we have to do is to find the coordinate transformation from the horizontal coordinates (S, σ) to some new coordinates (S,σ) such that the conformal equivalence becomes manifest. This shows that the initial problem must have a solution, i.e., higher Hopf maps, related to the Hopf maps (6) , which solve the static eikonal equation, must exist. Explicitly, a transformation (t, σ) → (t(t), σ) is sufficient such that
Therefore,t has to obey
Re-introducing the variable η and usingt(t) =t(sinh η) ≡ f (η), the above equation (49) leads to equation (9) with the solution (10) . We want to close with two remarks. Firstly, the geometric setting developed above easily leads to more Hopf maps which solve the static eikonal equation. Obviously, the sufficient condition for the existence of a solution related to a given Hopf map is that the induced horizontal metric should be expressible -up to a local scale factor -in terms of the "horizontal" coordinates (S, σ) (where the Hopf map is χ = Se iσ ). Once this condition is met, the solution can be found by transforming to new "horizontal" coordinates (S,σ) such that the horizontal metric is manifestly conformally equivalent to the target space metric. This transformation is always possible for genuine Hopf maps. One obvious example for the generation of new solutions is the composition of existing solutions with maps S 2 → S 2 , i.e., the choice of new complex-valued functionsχ = R(χ), where R(·) is a holomorphic function (e.g. a rational map), and χ is a solution.
Secondly, we want to remark that the above Hopf maps (6) do, in fact, provide genuine Riemannian submersions from the three-sphere S 3 to some two-dimensional target spaces with the topology of the two-sphere but, in general, metrics different from the two-sphere (except for the simplest case m = n = 1, which provides a Riemannian submersion from S 3 to S 2 , see, e.g., [11, 10] ). This may be understood from what we said above by noting that the local scale factor q −2 , which is present in the metric on IR 3 (see (27)), and which cannot be expressed in terms of the "horizontal" coordinates alone, is absent for the metric on S 3 .
